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Navier Stokes equations for incompressible free surface flows
² QrwcNPL; 5  5  ² PLWY9 =A_-Qq;:PRKD-JRWcY;3H;2ScN(_JRQqWYM(HVJLWzDI_aQqM-Jd;:Mb_YM-JJKFG`i;©9¨WIeI;3pqH
  
µ¨  <©	
   ¨z0µ ©  	  ]
 

² WYpqprWQqMw _ 5 j"b?;¦`PL;3HR;:M-J7;:PL; JR7;¢bPHdJHdJR;3`bHWYAJL7;eI;:PLQq_aJRQqWYM&Wa]JR7;D_aQqMcJR;3Mb_aM-J<JKFG`(;9<WIeI;3pqHVPRWc9 JR7;©=?_GQq;:PR¾D-JLWYc;3H;2ScN(_JRQqWYM(H: 	 JR7;©eI;3PRQq_JRQqWYMzWaJR7b;]HRQr9<`pqQr¢b;3e=A_GQr;3PdKD-JRWcY;2H




	   !  
N(H]JRWeIQTHRf:PRQq9<QrM(_JR;_YM ## "   	# WcPR9 WaVJL7;GQTHRf:WYNbH]7GFIeIPRW-HKJ_JLQqf9<WGe;:pQqM-JRPLWGeNbf
;2e
QqM&DINbHR;3f JLQrWcM kI 5 @¦WcPR;3WY;3P#§;f
pq;3_YPRpqF5eQqHdJRQqMwYNbQqHR7 JL7;(_YHRQqfz; ª;3f JH¨WaJL7; HR7b_YprpqW _aJR;:P_cHRHRN9<`IJLQrWcM$DGNbbHd;2f JLQrWcMk 5 #PLWY9 JR7;¦WcM;3H<WYANPRJR7b;:P_YHLHRN9<`IJRQqWYMbH_Y(WcNIJGQqHLf
W-HdQrJKF _aM(ePLQTf JRQqWYMDGNbbHd;2f JLQrWcMk k
 ;f
WcMbHRQqeI;3PJR7;f:pq_cHRHRQqf3_apiPL;:;HRNPd´_cf
;©=?_GQq;:PR¾D-JLWYc;3H§;3S-Nb_JLQrWcMbH& &.T+ && / 032 4 kI 5"7& &* + &  9&. + & & + &
	&. / EL & 9 &. 9 + L & 9 & 9 + L & 9 &. & 2 4 kI k 7&&* + & &. + & 9& + &	& / N ;:+ L & 9 &. 9 + L & 9 &.Z& + EL & 9 & 9 2 4 kI u 7
QrJR7 * 032 . 2 0   ' S * 2 . U 2
7b;:PL;  S * 2 . 2  U QTHJL7;57WYPLQr£3WYM-JL_YpY;3prWIf:QJKFc  S * 2 . 2  U QqHJL7;c;:PRJRQTf:_apAY;3prWIf
QrJKFY 	 S * 2 . 2  U JR7;`bPR;2HRHRNPL;§_aM(e7;3PR; ' S * 2 . U e;:MWYJR;3H*JR7b;_JL;:P	7;:QqwY7-J2 ; JR7;wYP_GQJKF©_aMbe L JL7;§GQTHRf:WcHRQJKFc =?WaJRQTf
;JL7b_JWcPHRQq9¨`bprQTf






;zQrM DI;3f JLQrWcM u=?WaJLQqf:;_apTHRWJR7b_aJ;z_YHLHdNb9¨;JR7b_aJtJR7b;PL;:;zHRNPR´_Yf
;zQqH¨_NMbf





 S * 2 . 2 0 U /102 L & & S * 2 . 2 0 U /   S * 2 . 2 0 U Q 4 kI l 7]AMJR7b;©PR;3;©HRNPR´_Yf:;];#f
WcMbHdQTeI;3P_MbW<HdJRPL;3HLHf
WcMbeIQrJRQqWYML & & + 	 &('&. N EL & &. &('&. + L &&. / 0 WcM  / ' S * 2 . U 2 4 kI j 7
	 N EL && + L & & &('&. + L &&. &('&. / 0 WcM  / ' S * 2 . U 2 4 kI 	 7
_YMbezJR7;#GQqM;:9_JLQqf©iWYNbMbe_aPLFf
WcMbeIQrJRQqWYM&('&* +  S * 2 . 2  / ' S * 2 . U U &('&. N  S * 2 . 2  / ' S * 2 . U U / 0 Q 4 kI 
 7
 ;#PL;3f:_YprpiJL7b_J 4 kI 5"7  4 kI l 7 _YMbe 4 kI 
 7 pq;3_YeJLWJL7;©WYpqpqWQrMw¨9_YHLH;3S-Nb_aJRQqWYM&('&*H+ &&.  
 /10 Q





 ;tPL;3f3_apqp*_apTHRW<JR7b_aJ]_<NM(e_a9<;:M-J_ap0HKJ_aQqprQrJKF `PRWc`(;3PdJKFQqH?PR;3pq_aJR;2e JRWJL7;#´_cf J?JL7b_JAJR7;=?_GQr;3Pd
DGJRWYc;3H;3S-Nb_aJRQqWYMbH_ceI9<QJ?_YM;3M;:PLwYF
  S * 2 . 2  U /   S * 2 . 2  U +   S * 2 . 2  U /  9 +  9E S * 2 . 2  U + ;  Q
_YMbezJR7b_aJJR7;©WcprpqWQrMbw;2ScN(_JRQqWYM 7WcpqeH&&*    	
  + &&.     S   + 	 U N L  E  & &.T+   & &+ &&. / N  9 S * 2 . 2 0 U N EL     & &.  9 + [E  & &Z+ &&.  9 +  &&  9  Q
² WYPNPRJR7b;:P_aM(_apqFGHRQTH§WY JL7;©Npqp*=?_GQq;:PR¾DGJRWYc;3H§;3S-Nb_aJRQqWYMbH;©PR;:;:PJRW_ klb
 ;_YPR;zMW QrM-JL;:PL;3HdJR;3e QrMJL7;Hd7b_YprpqW _aJR;3PbWH3[?H¨NbHRNb_Yp§;QqMcJLPRWIeIN(f
;JKWf7b_YPL_cf JL;:PR






 /  067;:M¨_ JR;3P PL;3HLf:_YprQqMwA§;f:_aMPRQrJR; 4 k 5c7  4 k u 7 _YH	_]eIQr9<;3MbHdQqWYMbpr;2HRH	=?_GQq;:PR¾D-JLWYc;3HµHRFIHKJL;:9& &. + && / 032 4 kI a 7& &*H+ &  9&. + & & + &
	&. / E  & 9 &. 9 +  9 & 9 & 9 +  & 9 &. &2 4 kI m 7 9  &&* + & &.`+ & 9& + &
	& / N ;X+  9  & 9 &. 9 +  & 9 &.Z& + E  & 9 & 9 Q 4 kI 5 s 7
=?WaJLQqf:;©JR7b_aJ  / L  S -  U QqHJR7;eIQq9<;:MbHRQqWYMpq;3HLHWYPL9 WY JL7;#GQqHLf
W-HdQrJKFzf:W-;:f
Qq;:M-J?_aMbeJL7b_J7;3PR;_YMbe<QqMz_apqpbJL7;AeQr9<;:M(HdQqWYMpq;3HLH;2S-Nb_JLQrWcMbH ; eIWG;3HMbWaJe;:MWYJR;JL7;?wcPL_GQrJKFtNIJ§JR7; ² PLWYNbe;MGN9ti;:P;  S -  U 67b;©_cHRHRWIf
QT_JL;3e(WcNMbe_YPRFf:WYMbeIQrJRQqWYM(HWYM JR7;#iWaJRJRWc9 4 k l 7 _aPL;APL;3HLf:_Ypr;2ez_YH
 S * 2 . 2 0 U /102   & & S * 2 . 2 0 U /  S * 2 . 2 0 U 2 4 kI 55c7
7b;:PL; /  I- QTH*JL7;eIQr9<;3MbHdQqWYMbpr;2HRH WYPL9WaJL7;PRQTf JLQrWcMf:W-;:f
Qq;:M-J3	67;§iWYNbMbe_aPLFf
WcMbeIQrJRQqWYMbHWcMzJL7;©PL;:;#HdNbPd´_cf
; 4 k j 7  4 kI 	 7 _YPR;]PR;2HRf3_apq;3e_YH
 9 & & + 	 &'&. N E  & &. &'&. +  &&. / 0 WcM  / ' S * 2 . U 2 4 kI 5 k 7
	 N E  && +  & & &'&. +  9  &&. &('&. / 0 WcM  / ' S * 2 . U Q 4 kI 5 u 7
67b;]GQqM;:9_aJRQTf©(WcNMbe_YPRFzf:WYMbeQJLQrWcM 4 kI 
 7 QqHNMbf7b_YMwY;2e
eDegfhikjmln





 ;#HdQq9<`pqQFzJR7;HRFIHKJL;:9 4 kI 5"7  4 k u 7 GFPL;
J_aQqMQqMwtJL7;#£:;3PRW<_aM(e¢bPHdJWcPLe;:P§JR;:PL9H:  ;©WYIJ_aQqM _GQTHRf:WYNbH7GFIeIPLWcHdJL_JLQqfA9<WIeI;:p & &. + && / 032 4 kI 5 l 7& &* + &  9&. + & & + &
	&. / E  & 9 &. 9 +  9 & 9 & 9 +  & 9 &. & 2 4 kI 5 j 7&
	& / N ;X+  & 9 &. & + E  & 9 & 9 +  9  & 9 &. 9 2 4 kI 5 	 7
7b;:PL; * 032 . 2 0   ' S * 2 . U Q67b;_YHLHdWIf:Qq_aJR;3e iWYNbMbe_aPLF f:WYMbeQJLQrWcMbHz_YPR;¦JL7;nHL_a9<;_cHJL7;WcM;3Hf:WYPLPR;2Hd`iWYM(eIQrMbw JRWJL7;Npqp
eQr9<;:M(HdQqWYMpq;3HLH=?_GQq;:PR¾DGJRWYc;3H§;3S-Nb_aJRQqWYMbH3

¬  ~I}&%('*),+ -  H 	c
	 /. I  	 " 10    m!  !I  # 	 10 k	 "&0 *03!  	 !I:2. 303
 "	 k    54# 	   !:	 10*.m m  3.   m!k  m!	 	   	  303D	 	    m  k6.303H## " !	   	  	    	 	  57&0		 m! m98    	R	     
	   #k
Z2. 10  "	 #k   54# 	   8V k	"	 "I 30 	 	  	 	 H :4#	  H#^    
k	 # V  O !I  ;7I	H 	  

¬  ~I}&%('*)<'>= @?BA 1CEDGFG?HA 1CI:FJ8V	0  V10  #H k	 K. . 303X      303"L0	  m m  	 	 Om! 	NMD    m  #   m  m   2.:	  
 ( # 	 T  10 m!k   !	 	   ?HA 1COA;FcG?BA 1C9PGF
=?W ;f7;2fJR7(_JJL7;GQqHLf
WcNbH7GFIeIPLWcHdJL_JLQqf_Y``PLWGQq9_JLQrWcM¨HR7b_aPL;3H0QrJR7<JL7;Npqp(=A_GQr;3PdKD-JRWcY;2H
;2S-Nb_JLQrWcMWcM;3M;:PLwYFHdJRPLNbf JLNPL;Y  ;#QrM-JRPLWIeINbf:;AJL7;#7GFIeIPRW-HKJ_JLQqfA;:M;3PRwcF
   S * 2 . 2  U /   S * 2 . 2  U +    S * 2 . 2  U /  9E S * 2 . 2  U + ;  Q 4 kI 5 
 7
Q§¬  ~R'*),+TS 03U.98^	 " ## "H:4# 	 V03 !  .W?HA 1CYX9FcG?BA 1CI5F&&*      
 + &&.     S    + 	 U N   E  & &.<+  & &+  9  &&. / N   9 S * 2 . 2 0 U N E     & &.  9 + [E  [ & & +  &&.  9 +  && 9  
 Q
Z   .  67b;#`PRWGWY*NbHR;3Hf:pq_cHRHRQqf3_apf
Wc9<`NIJL_aJRQqWYMbH3 ² WcprpqWQrMbwtJL7;#`NPL`(W-Hd;©WY0^;39_aPLzkI 5 Ipq;
JNbHMbWaJRQTf
;©JL7;Qq9<`(WcPdJ_aMbf:;#Wa	JR7;;3`bHRQrpqWYM¦HLScN(_aPL;AJL;:PL9 §QJ?_YprpqWHJLWQrMbf:prN(eI;#JR7b;#JR;3PR9 f
WYM-J_aQqMQrMbw&[ &\  QqM¦_<HRS-Nb_YPR;AJR;3PR9 _aMbezJR7;3M JRW<;
I7QqQrJJR7;eI;2f
PL;3_cHdQqMw¨Wa	JR7;#;3M;:PLwYFc


























;eIQi;3PR;3McJ©`iW§;3PLHAWa  ?Hd;3; _ lb¤;3PR;
;#Hd7(_apqpµHdN`b`(W-Hd;]JR7(_J;©_YPR;©QqM JR7;©WcprpqWQrMbwPL;:wcQr9<;
 /    2 _aMbe /    Q 4 kI 5 a 7
      #26

6# U		 
   "$#




Qq;:M-JLH 4 kI 5 a 7 _aMbenWYMb;PL;
J_aQqMbH?WcMpqFJR7;<£:;3PRWWYPeI;:PAJR;3PR9H3  ;WcIJL_YQrMJR7;<c;:PLFf:pq_cHRHRQTf:_ap7GFIeIPLWcHdJL_aJRQTf?9<WIeI;:p & &.<+ && / 02 4 kI 5 m 7& &* + &  9&. + & & + &	&. /   & 9 & 9 2 4 kI kas 7&
	& / N ;2 4 kI k 5c7
7b;:PL; * 032 . 2 0   ' S * 2 . U Q[ JR;3PtHdQq9<`pqQFGQqMw¦JR7b;<JR;:PL9H#Waf
WcPRPL;3HR`iWYMbeIQqMw WYPeI;:P2JL7;iWYNMbeb_aPLFf
WcMbeIQrJRQqWYMbH 4 kI 55c7  4 kI 5 u 7i;3f:WY9<;
 S * 2 . 2 0 U / 032 4 kI kYk 7  & & S * 2 . 2 0 U /    S * 2 . 2 0 U 2 & & S * 2 . 2 ' S * 2 . U U /1032 4 kI kau 7	 S * 2 . 2 ' S * 2 . U U / 0 Q 4 kI kl 7
67b; HRFIHKJL;:9 QTH¨HdJRQqpqp_YHLHdWIf
QT_JL;3eQrJR7 JR7b;GQqM;:9_JLQqf iWYNM(e_aPLFf
WYM(eIQJLQrWcM 4 kI 
 7  6 _Y-QqMwnQrM-JRW_cf:f:WYNM-JJR7;#`PL;3HLHRNPR;©iWYNM(e_aPLFf
WcMbeIQrJRQqWYMWYMJR7;©PL;:;#HRNPR´_Yf
; 4 kI kl 7  4 k k 5"7 QqH;2S-NQr_Ypr;3McJJLW
	 S * 2 . 2  U / ; S ' S * 2 . U N  U Q 4 kI kYj 7
JAQqH?MW¥`iWcHLHRQrpq;#JLWzf7;3fzJR7b_aJJR7b;t7GFIeIPRW-HKJ_JLQqf©_a`b`PRWIQq9_JRQqWYMHR7b_aPL;3HQrJR7JL7;Nbprp	=?_GQr;3Pd
DGJRWYc;3H<;2ScN(_JRQqWYM&WYM ;3M;:PLwYF$HdJRPLNbf
JRNPL;Y =A_a9<;:pqF f:WYMbHRQqe;:PLQrMwnJR7b;¦7-FIeIPLWcHdJL_aJRQTf ;:M;3PRwcF 4 k 5 
 7 
eDegfhikjmln
5 s   !  
Q§¬  ~R'*)<' S 03U.98^	 " :4# 	  03!  . ?BA 1C   FG?HA  A X9F&&*     
 + &&.   S    + 	 U 
 / N    9 S * 2 . 2 0 U N      & &  9 
 Q







_a9<`pq; _ l( 5 sI 5 mcb
     :

   <   
 ;<f:_aMnMW eI;3PRQqY;tJR7;DI_YQrM-Jd;:M(_aM-J?JKFG`i;9<WIeI;:pTHAHd;3; ² QqwYNPL; 5  5 ©6 WeIWzJL7QTHA;¨`(;3PdWcPR9_YM _cHdFG9<`IJLWaJRQTf©_aMb_YprFIHRQqHWY JL7;#7GFGePRW-HKJ_JRQTfA9¨WIeI;3pqHWcIJL_YQrMb;3e QrMJR7b;#`PR;3GQrWcNbHHd;2f JLQrWcMµ
¾M _ 5 j"b0JR7;<_aNJR7WcPLHA`PL;3HR;:M-JA7WJLW`bPRWc`(;3PRpqF¦eI;:PLQrc;t9<WYMbWYpT_FY;:P]DI_aQqM-Jd;:Mb_YMcJ]9<WGe;:pTH:#¾M-JRPLWaeNbf
QqMw_aM¦_Y;3PL_YwY;2e<Y;:pqWIf
QrJKF
- S * 2 . U / [' S * 2 . U    S * 2 . 2  U 
 Q
_YMbe eI;:`(_aPRJRQqMwPR;2Hd`i;3f
JRQqY;:pqFPLWY9 JR7;7GFIeIPLWcHdJL_aJRQTf9<WIeI;3p 4 k 5 m 7  4 k k 5"7 _aMbe5PLWY9 JR7;GQTHRf:WYNbH7GFIeIPLWcHdJL_aJRQTf¦9<WGe;:p 4 kI 5 l 7  4 k 5 	 7 <NMbeI;3PJL7;7GFG`iWaJR7b;3HRQqH 4 k 5 a 7 JR7;3F e;3eINbf:;JL7;nf:pq_cHRHRQTf:_apD_aQqMcJR;3Mb_aM-JHRFGHdJR;39 QrJR7 PRQTf JLQrWcM &('&* + &('-&. / 02 4 u 5"7&('-&* + &&.  '-:9 + ; ' 9E  / N  - Q 4 u k 7
_YMbe _GQTHRf:WYNbHD_aQqMcJR;3Mb_aM-JHRFGHdJR;39 QrJR7 PRQTf JLQrWcM&('&* + &'-&. / 02 4 u u 7&('-&* + &&.  '- 9 + ; ' 9E  / N [ +  - +	 L &&.  ' & -&.  Q 4 u l 7
_cHWYPL9<_Yp_YHRFG9¨`JRWaJLQqf_Y``PLWGQq9_JLQrWcMbHtQqM
 S  U PL;3HR`(;2f JRQqY;3prF
 S  9 U tWY?JR7b;=A_GQr;3PdKD-JRWcY;2H
;2S-Nb_JLQrWcMbH:@¦WcPR;©eI;:JL_aQqpTH_aiWYNIJJL7;3HR;eI;:PLQq_aJRQqWYMbHf3_aM(;]WcNMbe QrM<_ 5 uI 5 j"b67b;3HR;JKWDI_aQqM-Jd;:Mb_YM-J©9<WIeI;3pqH#_YPR;<_YHLHdWIf:Qq_aJR;3enQrJR7 _¦eIQqHLHRQr`b_aJRQqWYMnWa;:M;3PRwcFY¨¾MbeI;:;2e5QrM-JRPLWa
eNbf
QqMw ' / '  + '  / '- 9E + ; ' 9E 2




;©;3HdJL_YprQTHR7zWcPJR7;f:pq_cHRHRQqf3_apµDI_YQrM-Jd;:M(_aM-J9¨WIeI;3p 4 ub 5c7  4 ub k 7&('&* + &&.  -  ' + ; ' 9E ?/ N  - 9 2
_YMbezWYPJR7b;#-QTHLf
WYN(HWYM;2H 4 u u 7  4 u l 7&('&* + &&.  -  ' + ; ' 9E  N  L &&.  '- & -&.  / N [ +   - 9 N  L '  & -&.  9 Q

¬  ~I}&% $),+   	 m303 10    	  R	        ? P 1C:FG? P AYF  "	 !  ?7  
  
	    303 0 !     	      & ?BA 1C   FG?BA  AC:F@803# 303#  	   .mk	 # 	 1 10 m
  	   / 0  = !mm! 8V  m  :03"  
 S * 2 . 2  U / - S * 2 . U 2  S * 2 . 2  U / N  &(-&. 2 	 S * 2 . 2  U /d; S ' S * 2 . U N  U 2
80  S ' 2 - U S * 2 . U 	      	 K.10  #  	 m (	
#     & ? P 1C:FG? P AYF =  	  	"B##      303  m  J.T10 "	   m  H !I   = !Im !     	  S ' 2 - U S * 2 . U . 303"	   m  	
       ? P<PGFG? P X9FK8^	10 6.mk	 #
	     	 !I      	  .R10 "	     
0!    
	      & ?BA 1C;XOFG?BA 1C I5F 	 . !  H	 . 	 #k	 O    H303U. O8^	 "Z:4# 	 








  # # "* 6UR"	U  !"$#
 ;f:WYMbHRQTeI;:PJL7;t7GFIeIPLWcHdJL_aJRQTf©9¨WIeI;3p 4 kI 5 m 7  4 kI k 5c7   ;¢bPHKJAQrM-JRPLWIeINbf:;t_eIQTHRf:PR;:JRQq£3_aJRQqWYM¦QqM¦JR7;_YPRQT_apq;  Hd;3; ² QrwcNPR;ub 5 67;:MWcPAHRWY9<; \  ;teI;
¢(M; \ QrM-JL;:PL9¨;2eIQT_JR;#_JL;:P7b;:QqwY7-JLH ) S * 2 . U HRNbf7zJL7b_J0/   S * 2 . U   C S * 2 . U   9 S * 2 . U  Q QQ   > P C S * 2 . U   > S * 2 . U / ' S * 2 . U Q
 ;f7b_YPL_cf JR;3PRQq£:;:\ pT_FY;3PLH§JR7bPRWcNwY7JR7;e;
¢bMQrJRQqWYM Wa	JR7b;#QrMbeQqf3_JRWcPNMbf
JRQqWYMbH ) S * 2 . 2  U
 W  [ 2 \ ) S * 2 . 2  U /  [ "!  )P C S * 2 . U     ) S * 2 . U0$#&%('*),+(-/.102)2
JL7b_J?_YPR;©_YeY;3f
JR;2ezGFJL7;©bW &  )&* + &  ) &. + &  ) & /?0 Q 4 u j 7
eDegfhikjmln
5 k   !  
River bottom
Free surface
' 9 S * 2 . U
' C S * 2 . U
'  S * 2 . U'  S * 2 . U
   S * 2 . U
  S * 2 . U
 9 S * 2 . U
 C S * 2 . U
  S * 2 . U
 S . U
² QrwcNPL;©ub 5 [9tNprJRQqpq_Fc;:P_a`b`PRW-_Yf7
67b;:MWYP;2_Yf7zpT_FY;3P§;#eI;:¢bM;#QrJLH_JL;:P7;:QqwY7-J ') S * 2 . U GF W   [ 2 \ ' ) S * 2 . U /  ) S * 2 . U N  )3P C S * 2 . U 2
_YMbe _aM_Y;:P_awc;3ec;:pqWIf
QrJRQqF -) S * 2 . U
 W   [ 2 \ - ) S * 2 . U / [') S * 2 . U      S * 2 . 2  U  Q ;f
pT_aQq9 JL7b_J

	 ¬G° } ¬   $),+TS 03   
	 # 	      &T8^	30 .mk	 #
	  !IVm! #&(' C&* + &(' C - C&. / 032 4 u 	 7&(' C - C&* + &&. ' C -:9C +<; ' C &&. >@IADC ' @ / EL - 9 N - C' 9 + ' C N  - C 2 4 u 
 7&(' )&*+ &(' ) - )&. / 032 4 u a 7&(')-)&* + &&.  ')-:9)  + ; ') &&. >@IA C ' @ / EL -)IM C N -)' )IM C + ' ) N EL -V) N -V)P C' ) + ' )3P C 2 4 u m 7
! W / E QQ Q \ N [
' Á e' À
 
		
 "!# 5 u
&(' >&* + &' > - >&. /?032 4 u 5 s 7&(' > - >&* + &&. ' > -:9>  + ; ' > &&. >@IADC ' @ / N EL - > N - > P C' > + ' > P C 2 4 u 55c7      .m   .H     	 X ;7I	H 	  	 
 S  U  m  ! 8^	10 !#k
	 m!	     	 " 	 .:10/0!    
	  H !I ! 10 ,.  2.:303  "	 #k  I  :4# 	   
Z   .   ;WcIJL_YQrM<GFQqM-JR;3wYP_JRQqWYM¨Wa 4 u j 7 QqM<JR7;c;:PRJRQTf:_YpbeIQqPR;2f JRQqWYM \ 9_YHLHb_apT_aM(f
;;3S-Nb_aJRQqWYMbH&(' )&*+ &&.     
 / 032 4 u 5 k 7
_YMbe\ GQrMb;:9_JLQqf©iWYNM(e_aPLFzf
WcMbeIQrJRQqWYMbH_aJJR7;#QqM-JR;:PR´_Yf:;3H&  )&* +  S * 2 . 2  /  ) S * 2 . U U &  )&. N  S * 2 . 2  /  ) S * 2 . U U /10 Q 4 u 5 u 7
>AHdQqMwJR7;<_Y;3PL_YwY;2eY;:pqWIf
QrJRQq;3H -) §;¨PLQJL;tJL7;<9<_cHRHAb_Ypq_YMbf
;¨;3S-Nb_aJRQqWYMbH 4 ub 5 k 7 QqMnJR7;DI_aQqM-Jd;3Mb_aM-JWYPL9_apqQqHR9 &(')&*+ &&. ')-) /?0 Q 4 u 5 l 7
 ;¨MWgQrM-JL;:wYP_JL;tWcM;3_cf7pq_Fc;:P?JR7;¨;3S-Nb_aJRQqWYM 4 kI kas 7 #67;tWcPR9³WYJR7;¨7GFIeIPRW-HKJ_JLQqf#`bPR;2HRHRNPL;4 kI kYj 7 pq;3_ceHJRW
     &
	&. 
 /      ; &'&.  / ; &'&.     
 / ; ') &('&.X2
_YMbeJL7GNbH¨§;WYIJ_aQqM ©JL_Y-QqMwnQrM-JRW _Yf3f
WcNM-JtJR7b;GQqM;:9_JLQqfiWYNMbeb_aPLF f:WYMbeQJLQrWcMbH 4 u 5 u 7 \9<Wc9¨;3M-JRN9;3S-Nb_JLQrWcMbH&&*        + &&.       9 
 +<; ') &('&. /   & & S  ) S * 2 . U U N   & & S  )P C S * 2 . U U Q 4 u 5 j 7
=?W;2ScN(_JRQqWYM(H 4 kI kas 7 _YMbe 4 k kYu 7 Qr9<`pqQr;& 9 & 9 / 
 S  U 2 & &  [ A  / 
 S  U 2 & &  [ A  /102
_YMbezJR7;3PR;:WYPL;
 S * 2 . 2  U / - S * 2 . U + 
 S  U   0   ' S * 2 . U 2 4 u 5 	 7
7(_JQr9<`pqQq;3H [') S * 2 . U       9 S * 2 . 2  U 
 / - 9) S * 2 . U + 
 S  U Q
eDegfhikjmln
5 l   !  
¤?;:Mbf:;©§;f3_aM PRQrJR;]JR7b;#9¨Wc9<;:M-JRN9;3S-Nb_aJRQqWYMbH 4 u 5 j 7 QqMJL7;tDI_YQrM-Jd;:M(_aM-JWYPL9<_YprQTHR9&&* ')-V) + &&. ')-:9) + ; ') &('&. /   & & S  ) S * 2 . U U N   & & S  )P C S * 2 . U U + 
 S  U Q 4 u 5 
 7
 ;eIPLWY`nJR7; 
 S  U _YMben9tNprJRQq`pqF 4 ub 5 l 7 _aMbe 4 ub 5 
 7 GF  - 9  ¥QrM5WYPeI;3PAJLW¦PR;2f
Wc;:PJL7;_aPLQ_Ypq;3HAQJL7neIQq9<;:MbHRQrWcMµ ² QqMb_YprpqF¦§;¨_a``bprF¦_¢(MQJL;¨eQ ª;:PL;:Mbf:;9<;:JR7WIe¦QqMJL7;c;:PRJRQTf:_Yp eIQqPR;2f JLQrWcM
JLW]JR7;PLQrwc7-J	7b_YMbe<HdQTeI;Wa(JR7;9<Wc9¨;3M-JRN9 ;3S-Nb_JLQrWcMbH	7;:M<QrJQqHf:WYMbf:;:PLM;3etQJL7_aM¨QrM-JR;3Pd´_cf
;c
      "*"$
@W" 
 # #2 "$  6U " 	UU	
"$
67b;]9NprJRQqpq_Fc;:P?DI_YQrM-Jd;:M(_aM-JHdFIHdJR;:9H`PL;3HR;:M-JHVJKW¨NMbe_Y9<;:M-JL_Yp*HKJ_aQqpqQJKF`bPRWc`(;3PdJLQr;2H:
 } °V° {´| °
	  *) + S 03    	# 	 #     & ? P  APGFG? P AGF      303 3  	
	"	
. 10 8V # 03#	 "&0 :	 m  :0  #& =  	         	  m!R8^	10  ## "Z	:4 	   H!I 	 " ' / =1>@IADC ' @ !H	
 "!  #	 " 303  "
 /   ) /   ')- 9)E ' + ; ')E  2
8V     # 	  0 10 .O8^	 "Z54#	
&&* ' + &&.  '  - )  ) + '  - )^; ')E  / N  -:9C N EL > 9 S () N -)3P C U 9') + ')P C Q





WYN(H]PRQTf JLQrWcMnJL;:PL9C_J#JL7;QqMcJL;:PR´_Yf:; W N [  E QqM5JR7;9<WY9<;3McJLN9




 } °V° {´| °
	  *)1' S 03  
	 	 #       ?BP  APYFcG? P  AGF    #c  10    mm! I O    :4#	 	k	 
 ') S 02 . U /  2 -) S 032 . U /10  W / [ Q Q Q \ 4 u 5 a 7     80 10 H	   .mk	  	 d 303 m
  303    	 m^	        ?BP 1C:FG? P A;F
 "	 !     
	  . 303    	#      = !mm! 	 . 8V  :03"  :303X		 	   m!	 	   - ) S * /02 . U / -  S . U ! ' ) S * / 02 . U / )   S . U ?    :0<303 =  ) / [ F     	#  
	  	 "	 
 W / [ Q Q Q \  ' ) S * 2 . U / ) ' S * 2 . U 2-V) S * 2 . U / - S * 2 . U 2
80 /?30 F?  7;F 	      	 H2.O303     	  B	
     & 8^	30 		 	     S   2 -  U S * 2 . U 
' Á e' À
 
		
 "!# 5 j
Z   .  UPRWGWY´HA_YPR;WcG-QqWYN(H:]=WaJLQqf:;tJL7b_JAJR7;¨`PL;3HR;:PL_JRQqWYM¦WYVHdWc9<;HdJR;3_ceIF¦HKJ_JL;3HAQqH]_NM(e_
9<;3McJ_ap	Hd`i;3f:Q¢(f`PRWc`(;3PdJKF Wa0JL7;¨DI_YQrM-JR;3Mb_aM-JJKFG`(;9<WGe;:pTH_ u 5 acb?67;tHR;3f:WYMbe`iWYQqM-J?QqH?QqHAQqM_YwYPL;:;39¨;3M-J?QJL7n^;39_aPLub 5 HdQqMbf:;tJL7;9NprJRQqpq_Fc;:PAHRFIHKJL;:9 QTHA_YMQqM-JR;:PL9<;3eIQT_JL;t9<WIeI;:p0i;
JK;:;3MJL7;#7GFIeIPRW-HKJ_JLQqf]HdFIHdJR;39 _aMbeJL7;#f
pT_YHLHdQTf:_Yp*DI_aQqM-Jd;:Mb_YMcJHRFIHKJL;:9
   >    
 "*K229   U  "$ #  9   	" 
 #2#2*"*!6UR" U	
"












JL7;§JK§WApq_Fc;:PHµY;3PLHRQqWYMWYJR7;HRFGHdJR;39 4 ub 	 7  4 u 55c7  ² WYpqprWQqMw _ 	cbI;§PLQrJR;§JR7;§JK§WApq_Fc;:PH*HRFIHKJL;:9NbMbeI;:PJL7;f
Wc9<`b_Yf




' C' C - C' 9' 9 - 9





0EL - 9 N - C' 9 + ' C N  - C0EL - C N - 9' 9 + ' C
 
 2
 S  U /  0




QrJKFQTHwYQqY;3MGFJL7;#PR;3pq_aJRQqWYM 4 ub 5 	 7 §;#7b_c;-V) S * 2 . U / - S * 2 . U + 
 S  U  W / [ 2 E Q 4 u kas 7
 } °V° {´| °
	  *)    !#303       	  ? P AGF 303      #c
	  8V   (	
#
      ? P1C   F 	  0 3# m 	 <   c# 80 - C S * 2 . U/ - 9 S * 2 . U 10	 "B c   2.H303H k	 7  S  U 03c   c	  0 	 " 	 "	k	k 
Z   .  67b;#;:QqwY;:MG_apqN;2H§WY*JL7;#9_JRPLQr  S  U _aPL;#HdWcprNIJLQrWcMbHWa
 9 N E - C  + -:9C N ; ' C   9 N E - 9  + -:99 N ; ' 9  /d; 9 ' C ' 9 Q
eDegfhikjmln
5 	   !  
67b;:PL;
WYPL;NM(eI;:PAJR7;¨_YHLHdNb9¨`JRQqWYM 4 u kas 7 ¢bPLHdJAWcPLe;:PA_Y``PLWIQr9_JLQrWcMbHQqM - C N - 9 WaJL7;;3Qrwc;:MI_YprN;2H_aPL;
  \ / - Y ; S ' C + ' 9 U 2 4 u k 5c7
 	   / -  Y  - C N - 9E 
 [ N  ' C N ' 9' C + ' 9  9 2 4 u kYk 7
7b;:PL; -  / ' C - C + ' 9 - 9' C + ' 9 2 -  / ' C - 9 + ' 9 - C' C + ' 9 Q





67b;;:QqwY;3MG_YprNb;3H  	   f7b_aP_Yf
JR;:PLQq£:;JR7b;b_YPRWIf







7(_Y;_ MWcM_aMbQqHR7QqMwQq9_awcQrMb_YPRF`b_YPdJ#HRQrMbf:;¨JR7;<7GFG`(WYJR7;2HdQTH 4 u j 7 _aiWYNJ]JL7;<Qr9<9<QTHRf:QrQqpqQJKFWYJL7;pT_FY;3PLH0QTHMWYJprQqMc;3e¨JRWJR7;`b7-FIHRQqf3_ap(_YfGwYPLWYNM(e ZNIJVQrJWcprpqWH_apTHRW©JR7b_aJJR7;?`PR;2f
QTHd;_YprN;
















JK;:;3MJR7b;?JKWt9<WIeI;:pTH_aMbe<JL7GNbH§JR7;]_apqN;?WY   \ QTH§_YM;3HLHR;:M-JRQT_api`PLWY`i;:PRJKFWYµJR7;A9tNprJRQqpT_FY;:PHRFIHKJL;:9
   
 "*K  "    	" 
 #2#2*"*!6UR"  
 	"$#
6 W WY;3PLf:WY9<;zJL7;eIQrf
NprJRQq;3HeIN;JRW JL7;3HR;¦MWcM&f:WYMbHR;:PL_JRQqY;¦HdJRPLNbf JLNPL;_YMbe&MWYM 7GFG`(;3PRiWYpqQTf
M(_JRNbPR;©Wa JR7;#9NprJRQqpq_Fc;:PDI_aQqM-Jd;:Mb_YM-JHRFIHKJL;:9 4 u 	 7  4 u 55"7 _aM(eJL7;:PL;
WcPR;]JRW_cWYQTez_a`b`b_aPLQJLQrWcMWYQrMbHdJL_YQqprQrJRQq;3HtQrM JL7;MGN9<;:PLQqf3_apVHRQq9tNpT_JLQrWcMbH _ 	cb§;`PLWY`iWcHR;<JRWf:WYMbHRQqe;:Pt_HRpqQrwc7cJLprF5eIQi;3PR;3McJ
HRFIHKJL;:9 &(' C&* + &(' C - C&. /?032 4 u kau 7&(' C - C&* + &&. 
 ' C - 9C +<; ' C G =1>@IADC ' @ JE 
' Á e' À
 
		
 "!# 5 

/ ; G = >@IADC ' @ J 9E &&. 8 ' C= >@IADC ' @ F + EL - 9 N - C' 9 + ' C N  - C 2 4 u kl 7
&(' )&* + &(' ) - )&. /?032 4 u kYj 7&(')-)&* + &&. 
 ')- 9) + ; ') G =?>@BADC ' @ JE 
/ ; G = >@IADC ' @ J 9E &&. 8 ')= >@IADC ' @ F + EL  -)IM C N -)' )IM C + ' ) N -) N -)3P C' ) + ' )3P C  4 u k 	 7
! W / E QQ Q \ N [ 2&(' >&* + &(' > - >&. /1032 4 u k 
 7&(' > - >&* + &&. 
 ' > - 9> + ; ' > G = >@IADC ' @ JE 
/ ; G =K>@IADC ' @ J 9E &&. 8 ' >= >@IADC ' @ F N EL - > N - > P C' > + ' > P C Q 4 u ka 7
 } °V° {´| °
	  *)   !# 303    
	  ? P1CI:F 30 	  ;8  #  <2.:303  H     & 0  303
.O8^	 "  3#k 	  
? Z CGF S 0        # 	m! H     #	 " 10k	 "&0   03!  	 !  "# H	  0 3# m 	 
? Z A;F S 03 m    	  #	 "I#       \ ? P AC:F   
	     !#  ;7I	 
	   	 - CRN - 9.: 8V 2. 	  	 "B c   
? Z PYF   	   		
	  8V # 0	 "&0 V!I  10   m  #c
	X   	 303 k	 "&0 $03!  	 !   H R10$	  0Z	T10 (	 #O ;7I	 
	 ' ) / '  \  - ) / - ? Z X9F S 0     3303R  .O303 54# 	   303D!   k	m 10 &c 
	  2. 303	8V 03#	 "&0 ! 2.R303X!	   50 "B 	 m  :0  # 	       !#    7I	 
	 . 10 #  	 m	 
       ,.m !Hk	 "&0  03!  	 !I    	 !# m!   3  # 
Z   .  [?HWYP©JR7b;MWYMf:WYMbHR;:PL_JRQqY;<9<WIeI;:pV§;f:WYMbHRQqe;:P©WYPHdQq9<`prQTf
QrJKFJL7;JKW¦pq_Fc;:PH©f:_YHR;Y
¤?;:Mbf:;]JR7;#;3Qrwc;:MG_apqN;3HWY*JR7b;#9<_aJRPLQWYMJR7;#pq;
 J?7(_aMbe HdQTeI;_YPR;©HdWcprNJRQqWYMbHWY  9 N E - C  + - 9C N ; ' CON ; ' 9E    9 N E - 9  + - 99 N ; ' 9 N ; ' CE  / ; 9 ' C ' 9 Q
eDegfhikjmln
5 a   !  
67b;:PL;
WYPL;]NMbeI;3PJR7;_cHRHRN9<`IJRQqWYM 4 ub kYs 7 ¢bPHKJWcPLeI;3P_a``bPRWIQq9<_aJRQqWYMbH§Wa	JR7b;];3Qrwc;:MG_apqN;3H_YPR;
  \ / -  Y  ; S ' C + ' 9 U 2
  	   / -  Y   ; S ' C + ' 9 UE 2
7b;:PL; -  / ' C - C + ' 9 - 9' C + ' 9 2 -  / ' C - 9 + ' 9 - C' C + ' 9 Q













 / ; E 
 >@BADC ' @

9 & \ 8 '=K>@IADC ' @ F 2  / EL S -)IM C N -) US ' )IM C + ' )U N S -) N -)3P C US ' ) + ' )3P C U
[ f:WYMbHR;3S-N;3Mbf
; Wa 4 UVl 7 QTH<JR7b_aJJR7;PL;:;¦HRNPR´_Yf




¬  ~I}&% $)<' -   	 ! .m `303 !k  m  303  m  # 	c k 2.Z303 H8V        	   
k	 #
V0 3# m 	   &c#k303#  	 	     Z303  m   803# 8V m  	 !I    
	 #
      8^	30 30   Z H     	 m 10    	 	 	 <. 303Z#	 "I#    	   	  :4#  303   m.:	 3.      m  .303  m  X-V) / -  S 0     &g	    	0 3# m 	   	 m303 !	H  	   2.X303     #	  m! #	 "I#    m       :4(  303   # 2.X	 3. m    m(k 
	BA    2.#   	2COA  .    	   ! 	
	   

¬  ~I}&% $)1  S 0 H  	
	 	 . .   m   	    	#	 "!#(	  10 80 	 :0
 	 	    57   #
  303  E71. 303  #   	 m:(	
#     & ? P1CGFcG? P  AYF  	  "!  #	 "&\ ; ' 9 )    m  #c
	$     #$ S 0Z  m  # 	c$3k 	  10 ; ' ) &\ = @A ) ' @!  m m	 #  #  !       "   0 	     m  $ S 03     #c
	#k	  0   m 	 
 	  10 #	 "B c     .   50Z#  !m!  mm!	.m g10   .:10  #   	 m 	 
     $      10   k	 : " 8^	10 10  #   	 mV	      &  m        m c#	 *.  m   	       k303#  30 	  H303"! 	  	 .  !I,.  #
	  	   	 !I        #V .X10:10 m  3#k 	   ? Z AYFG? Z XOFH!     	  H10 	 "B#    .X100   m 	 
      2. 303  .m60!  	 !  U.U.m g10 m    	  	 "B c     \ ? P A CGF

¬  ~I}&% $)   10  #    .R10    	#  "!#    #c 10  D      m!      	 .8V	03c:	  	! 10X Hk	 m  m  #^2. 10	  :4		k	      	 	  	k ^  
	 m303 	 .!. 303      #c
	$H !IV!Z 10       :4		k	      m30 E7  
' Á e' À
 
		
 "!# 5 m
!    m    	  0^ 303  m   k . 303  m   	c! "!#!  8V  ^10XI   V54#	 	#k	       E7B  !     X #   :4# #V!	  # # .m   "#  =  .98 303 10  	  	  . 10     #c
	  m  X	  c#k  	 	X 303    #c
	  2. 303  #  	 m
? HBF 	 ^I     54#	 	#k	  	Z303       2.    " H 3 "  0	  #   ! 	 	  8V98^ 303 10     	  2. 10	  :4	 	#k	   10 !	   #   &c# 	 
. .m  m#	 "  & 	   	 P  C   
      V0     
:  	   
 ;MW³`PL;3HR;:M-JJL7;eIQTHLf
PL;
JR;Y;:PHRQrWcM WY#JR7;f:WYMbHR;:PL_JLQrc;¦9tNprJRQqpq_Fc;:PD_aQqMcJR;3Mb_aM-JzHRFIHKJL;:94 u kau 7  4 u ka 7 67;f
WYM(Hd;3PR_JLQrc;A9NprJRQqpq_Fc;:P?DI_YQrM-Jd;:M(_aM-J?HdFIHdJR;39 4 u kau 7  4 u ka 7 `PL;3HR;:M-JHHdWc9<;Mb;: JR;3PR9H§7;:Mf







f3_YHR;Y$DGQqMbf:; 7b;:PL;;QTHR7 JRW5JLPR;2_J¨_cH¨9<_YMGFpq_Fc;:PHt_YH¨`iWcHLHdQqpq;;WYpqprW _YMWaJL7;:P<HdJRP_JR;3wYF












JLQrpT_FY;3P9¨WIeI;3p*HdJL_JL;3eQrM JL7;#UPLWY`iWcHRQJLQrWcMbHu 5 _YMbeu kI
6 W¦_a``bPRWIQq9<_aJR;JR7;HRWYpqNIJLQrWcM S ') S * 2 . U 2 -) S * 2 . U U 2 W / [ QQ \ WY§JL7;9tNprJRQrpq_Fc;:PDI_aQqM-Jd;:Mb_YM-JHRFIHKJL;:9-F eIQTHRf:PR;:JR;#_apqN;3H S '  ) 2 - ) U 2 W / [ Q Q \ 2 	 2
   §;#QqM-JRPLWGeNbf
;_cHNbHRNb_ap*_HR`b_cf
;
JLQr9<;©eIQTHRf:PR;:JRQq£3_JLQrWcMb_YHR;3e<WcMz_wcPRQTeWYµ`(WcQrM-JLH .  M C 9 QJL7HR`b_Yf:;?HdJR;:`(H .  / .  M C 9 N . P C 9_YMbe WcM$_nwYPLQqeWY?`iWYQqMcJH *  eI;
¢(M;3e GF *  / =   *  7;:PL;JL7; JRQq9¨;HdJR;:`(H *  Qrpqp(;`bPR;2f





























  M ) N  ) +   )  M  N  ) P   N  *   ) /102
eDegfhikjmln
kYs   !  




JL;(NI  )   M  QqHt_aM _a``PLWIQr9_aJRQqWYMWYJL7;#;
_cf JbNIz;2HKJLQr9_aJR;3e_aJ`iWYQqM-J .  M  67b;#-QqM;:JRQTfHRf7b;:9<;#QqH?_<`b_aPRJRQTf
NpT_aP_FJLWzf








_JL;:P7;3Qrwc7-J3;:M-JRPLWY`GF QqM;2ScN(_apqQJKFc_YQqprQrJKF JLW JRPL;3_J_cf
NN9 _aPL;3_cH:qq  ;PL;
;3PJRW _ k 	bWYPz_
wc;:M;3PL_YpµHdNbPRc;:FWY JL7;GQrMb;

















J_JLQrWcM WY0JR7;D_aQqMcJR;3Mb_aM-JAHRFIHKJL;:9¾MbeI;3;3e JR7b;t9<WIeIQ¢(;3e\]QqbHA;3S-NQqprQqPLQrN9 QqM-cWYpqY;2H
_aJJR7;#HL_a9<;]JRQq9¨;]JL7;#_aJR;3P7b;:QqwY7-JWa*JL7;#pT_FY;:P_aM(eJL7;]JRWaJ_ap_JL;:P7;:QqwY7-JWa JR7;©(W#0@WYPL;
`bPR;2f
QTHd;3prF_YMbe5QJL75PL;3HR`i;3f J©JLWJL7;MWYJL_JLQrWcMbH©QqM _ k"bJL7;z\]QqbH#;2ScNbQrpqQrbPRQqN9 WcP©JR7;pT_FY;3P:W QqH
MbW \ ) S * 2 . 2 U / ') S * 2 . U S * 2 . U S  N -) S * 2 . U S * 2 . U U 2
7b;:PL;
 S * 2 . U / 






 ) / 
 0 S
	   U 9  .  #       	       N     	    2     	    N       	        
 Q4 lb 5"7





WcPR;'  M C) / '  M ) Q 4 lb k 7
' Á e' À
 
		
 "!# k 5
67b;§f
Wc9<`NIJL_aJRQqWYM#WYIJR7;M;:c;:pqWIf




 C  C  0  0





-  M CC  












 M > 
 

2 4 lb u 7
7b;:PL;
 C  / '  M CC  + EL  * '  M CC  + '  M C9  +   *  2
 ) / '  M C) + EL  *  8 ['  M C) + '  M C)IM C   + ['  M C) + '  M C)3P C   F W / E QQ Q \ N [ 2
 >  / '  M C>  + EL  * '  M C>  + '  M C> P C   2 4 lb l 7
) / N EL  * '  M C) + '  M C)IM C   W / [ Q Q Q \ N [ 2 4 lb j 7







     "*"$
@W"  











	 ¬G° } ¬   ),+  !#:10
 KM  m!	 	 





 ) 8  -)   +   ; ' E  C 9 F

 2 4 lb 
 7
eDegfhikjmln
kck   !  
80  1	   # m!Z Z303  	 " .H303  3k:.  X10 !	    #  	# 	     	#   50 H   #  303 T "B 	 	  2. 303 8V  0	 "&0  . m  :0Z&












;#JL7b_JJL7;  ²  f:WYMbeIQrJRQqWYM 4 lb 







	 ¬G° } ¬   )<' S 03 !	      	#
	     	#            10   
	 k          #	  m!H H303 I O     W / [ Q QQ \  ') / ') 2-V) /10 Q 4 lb a 7     	 303  "#  .mk	  	      @8^	10K		
	  !  - ) / -  ! '  ) /  )   ?    :0K10=  ) / [ F10  
	  2.:303 !	   # # 		 	   
	   :03&  	 
 W / [ QQ Q \  '  ) / )   2- ) / -  2
80  S -  2   U 	  303   
	  2. 10     	   	  	#
	    :03&H    .#   	BA  8^	30		
	  !I  S -  2   U 




JR;#pT_ac;#_JPL;3HdJ 4 lb a 7 QTHWcMprF _<`b_aPRJRQTf
Nbpq_YPf3_YHR;#Wa	JR7;f
WYM-JLQrMGNWcNbHpq_YY;#_JPL;3HdJtHdJR;3_ceIF HKJ_JR; 4 u 5 a 7 ¾MbeI;3;3e5JL7;f:WYM-JRQqMGNWYNbHpq_YY;_JPR;2HKJt;2S-NQrpqQqPRQqN9QqHJR7;zPR;2HdNprJtWY_(_apT_aMbf:;(;:JK§;3;:M¦JKWJL;:PL9<HA7Qqpr;tJR7;¨eIQTHRf:PR;:JR;t9NprJRQqpq_Fc;:P?HLf7;:9<;`PR;2Hd;3PRc;3HJL7QTH?;2ScNbQrpqQrbPRQqN9
WcMpqFQ	JR7b;3HR;©JK§WJR;3PR9H_aMbQqHR7 HR;:`(_aP_JR;3prFc
67b;`PLW-WYWaªJR7;]Hd;2f
WcMbe¨PR;2HdNprJWcprpqWH0PLWY9 JK§W#´_cf JH 4 Q 7 JL7;AHRWYNbPLf:;JR;:PL9 _YMQTHd7_aJV;3_cf7JLQr9<;HdJR;3`¦WYPA(WYJR7HLf7;39¨;2H: 4 QqQ 7 JR7b;bNII;2HWaJL7;t9NprJRQqpq_Fc;:P?HLf7;:9<;t_YPR;tWYIJ_aQqM;3eGF9tNprJRQq`pqFGQrMwJL7;©bNIWa	JR7;f:pq_cHRHRQqf3_apµDI_YQrM-Jd;:M(_aM-J-QqM;:JRQTf#HRf7;39<;]GFJL7;f
WcMbHdJL_aM-JH  ) 




_Y9¨`bpr;]QqHNbHR;3eQrM _ 5 j"bªJRW<f
Wc9`(_aPL;<JR7; f
pT_YHLHdQTf:_Yp§DI_aQqM-Jd;:Mb_YM-JtHdFIHdJR;:9 4 ub 5c7  4 ub k 7  JR7;-QTHLf
WYN(HtDI_aQqM-Jd;:Mb_YM-JHdFIHdJR;39 4 u u 7 4 u l 7 _aM(e¦JR7b;=?_GQr;3PdKD-JLWYY;2H;2ScN(_JRQqWYM(H 4 kI 5"7  4 kI u 7   ;¨QqMbf:prNbe;QrMnJR7QTH#f
Wc9<`b_aPLQqHRWYMnWYNP©M;39NprJRQqpq_Fc;:PADI_YQrM-JR;3Mb_aM-JA9<WIeI;3p 4 u kau 7  4 u ka 7   ;¨_apTHdWz9¨;3M-JRQqWYM¦JL7;HRWYpqNIJRQqWYM¦WYJR7;¨7Wc9¨WcwY;:Mb;:WYN(H©D_aQqMcJR;3Mb_aM-J#HdFIHdJR;39  	 JL7;f
pT_YHLHdQTf:_Yp0D_aQqMcJR;3Mb_aM-J#HdFIHdJR;39 4 ub 5c7  4 u k 7 QrJR7 _z£3;:PLW










Wc9<`NIJL_aJRQqWYM_aPL; JR7;WYpqprWQqMw ¦GQTHRf:WcHRQJKF L / 0 Q 0 [YwYP_GQJKF; / E Q 0  67; eb_a9 QTHpqWIf:_aJR;3e$_J¨JR7; 9<Qqeepr; WaJL7;f















WcNbH 7 _YH§; _aMIMbWYNMbf:;3enQrM5JL7;`PL;:GQrWcNbH#DG;3f
JRQqWYMµ67;PL;3HRNprJ#QqH©WcIJL_YQrM;2eQrJR7_YMn;3PRPLWYP©Wa§JR7;WcPLe;:P©WaJR7;
f:WY9<`NIJL;:P_Yf3f























² QqwYNPL;§j 5  !  ] §K6 4 ;3PdJLQqf3_ap-`PLWa¢bpq;3H 7 i=A_GQr;3PdKD-JRWcY;2Hµ_aMbe#eQ ª;:PL;:M-J0D_aQqMcJR;3Mb_aM-J*9<WIeI;3pqHV=?W ² PLQqf
JRQqWYMV6*;3Mpq_Fc;:PH
eDegfhikjmln
kal   !  
      K 









_JL;:PL7;:QqwY7-J¨QrM ² QrwcNPR;5jI k _aMbe JL7;9<;2_aM c;:pqWGf:QJKF <QrM ² QqwYNbPR;nj u ¨WY#JR7;n9tNprJRQqpT_FY;:P
(W&QrJR7zJR7;]_JR;3PR7b;:QqwY7-JV_aMbeJR7;]Y;3prWIf





























² QqwYNPL;#jI k  ² ^ !! DI>?^ ² [  ! 4 µWcMwYQrJRNbeQrMb_Yp`PLWa¢bpq;3H 7  AQi;3PR;3McJAD_aQqMcJR;3Mb_aM-J9<WGe;:pTHV6*;3MpT_FY;3PLHV ² PRQTf JLQrWcM f:W-;:f
Qq;:M-J  5
   
 # #2 "$ 6
 "  W"  	"#
 ;tMbW QqMGY;2HKJLQrw-_JR;JR7;9tNprJRQqpq_Fc;:PA9¨WIeI;3p GF¦HdJRNbeIFGQqMwJL7;;3YWcprNIJLQrWcM¦Wa;2_Yf7¦pT_FY;:P2  ;¢bPHKJ
























² QqwYNPL;?jI u  !  ] §K6 4 *WYMwcQJLNbeIQqMb_ap(`PLWa¢bpq;3H 7  AQ ª;:PL;:M-JD_aQqMcJR;3Mb_aM-J9<WIeI;:pTH006*;3Mpq_Fc;:PH ² PRQTf JLQrWcM f:WG;
f


















    K 
   
   2  > 	2"*  U  "
@"$#! 29   /#"$























Wc9<`NIJL_aJRQqWYMbHA_aPL;#9_aMb_YwY;3e QrJR7JL;:MpT_FY;3PLHQqMJR7;Y;3PdJLQqf3_ap*eIQqPL;3f JLQrWcMµ  ;
f7bW-W-Hd;_aM$_YPRQrJRP_aPLFc;:PRJRQTf:_Yp§HR;3f JLQrWcMQrM(f
pqNbeI;3e$QrM$JR7; f
;3McJLPL_YpV£3WYM;z . /  0NIJ<7b_J¨§;
eDegfhikjmln
















² QqwYNPL;jI l  [  ! ^ !  ] §K6 ! D 4 µWcMwYQrJRNbeQrMb_Yp`PLWa¢bpq;3H 7 §@¦NpqQrJRpT_FY;:PDI_YQrM-JR;3Mb_aM-J9<WIeI;:p4 ;3_cf7zJKFG`i;#Wa	f:PRW-HRHf:WYPLPR;2Hd`iWYMbebHVJLW_¨eQ ª;:PL;:M-JpT_FY;:P 7 V6*;3M pT_FY;3PLH§ ² PRQTf JLQrWcM f:W-;:f












-60 -40 -20 0 20 40 60
LOWEST LAYER
UPPEST LAYER
² QqwYNPL;VjI j  [  ! ^ ¤ ! d\©¤A6D 4 *WYMwcQJLNbeIQqMb_apc`PLWa¢bpq;3H 7 i@¦NbpJLQrpT_FY;3P DI_aQqM-Jd;:Mb_YM-J*9<WGe;:p 4 ;3_cf7JKFG`i;#Wa0f
PLWcHLHf:WYPLPR;2Hd`iWYM(eH§JRW_<eIQ ª;:PL;:M-JpT_FY;3P 7 V6*;3Mpq_Fc;:PHV ² PRQTf JLQrWcM f:WG;
f
Qq;:M-J   5
' Á e' À
 
		



























-60 -40 -20 0 20 40 60
NAVIER-STOKES
MULTILAYER SAINT-VENANT















JLH30@WYPL;:WY;3PJR7b;A9NpJLQrpT_FY;3P  ² f:WYMbeQJLQrWcM 4 l( 
 7 QTHVpqQqMY;2eJRWtJR7;]Y;3prWIf:QJKFWYªJR7;?´_YHdJR;3HdJVpT_FY;3PV_aMbe¨JL7GNbHQrJ§QTHV_#pqQrJdJRpq;?9<WcPR;PL;3HdJRPLQTf JRQqY;QqM<JR7b;?9tNbpJLQ	JR7b_YMQrMJR7;9<WcMWYpT_FY;3P


























  !  ] §K6 4 ;:PRJRQTf:_Yp]`bPRWY¢bpr;2H 7 <=A_GQr;3PdKD-JRWcY;2H_aMbe¥@¦NprJRQqpq_Fc;:P¦DI_aQqM-Jd;:Mb_YM-J9<WIeI;3pqH§6 ;:M pT_FY;:PH§ ² PLQqf
JRQqWYMf
WG;
f:Qr;3McJ   5











_YPR;QrM Y;3PRF wYWGWIe$_cf:f:WYPe_aMbf:;QrJR7 JL7;¦=?_GQq;:PR¾D-JLWYc;3HWcM;3H¨_YH<HRWGWYM$_cH;z9_YMb_awc;_nPR;2_apqprF
9NprJRQqpq_Fc;:Pf




























PLQTf JRQqWYM f:_cHd;¨ ² QqwYNPL;jI 5 =;3Y;3PdJL7;:pq;3HLH]pr;:JNbH#WY(Hd;3PRc;tJL7b_J#JL7;eIQi;3PR;3Mbf
;<i;
JK;:;:M5JL7;<JRWc`


































JL7;¦Y;3prWIf:QJKF QTH;2ScN(_apJLW£:;:PLW_JJL7;iWaJdJLWY9  ;;



















 ;¨MW¡eIQTHRf:NbHLHJL7;<PRWcNbHdJRM;2HRHAWaVWcNP]9¨WIeIQr¢b;2epT_FY;:PR-F-pq_Fc;:P_Y``PLWc_Yf7 4 u kau 7  4 u ka 7 7;3MJL7;QqMQrJRQT_ap7-FG`iWaJL7;3HRQqHtWaUPLWY`i;:PRJKF 4 UVu 7 QrM UVPRWc`(W-HdQrJRQqWYMu l¦QTHtGQqWYpT_JR;2e¦67;WYPHKJtf3_YHR;§;f:WYMbHRQTeI;:P]7;:PL;tQTH]7;:MnJR7b;QqMQrJRQT_ap0PL_aJRQqWzi;
JK;:;3MJR7b;¨_JL;:P]7;:QqwY7-J©WaVWcM;¨pq_Fc;:PA_YMbe¦JL7;JRWaJ_ap
_JL;:P7;3Qrwc7cJ;:I7QrbQJH_¨HR`b_aJRQT_apµeIQTHRf:WYM-JRQqMGNQrJKFY























² QqwYNPL;5j m  !  ] §K6 4 ;:PRJRQTf:_Yp]`bPRWY¢bpr;2H 7 <=A_GQr;3PdKD-JRWcY;2H_aMbe¥@¦NprJRQqpq_Fc;:P¦DI_aQqM-Jd;:Mb_YM-J9<WIeI;3pqH§6 ;:M pT_FY;:PH§ ² PLQqf
JRQqWYMf
WG;









0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
MULTILAYER SAINT-VENANT
NAVIER-STOKES
² QqwYNPL;¦jI 5 sz !  ] §K6 4 ;:PRJRQTf:_Yp`PRWY¢bpq;3H 7 t=?_GQq;:PR¾DGJRWYc;3H_aMbe @¦NprJRQqpq_Fc;:PDI_aQqM-Jd;:Mb_YM-J9<WIeI;3pqH§6 ;:M pT_FY;:PH§V=WHRprQq`
' Á e' À
 
		
 "!# u 5
f:WYMbHRQTHKJHµQqMteI;3_YprQqMwQrJR7tJR7;     MWYMf:WYMbHR;:PL_JRQqY;HRFIHKJL;:9 4 ub 	 7  4 ub 5I5"7 7;3PR;2_YHJL7; dNMbf:WYN`bpr;2eNb`-QqMbeIQqMw
f










f:;:`IJ]JR7b_aJ#QrMnWYNP#HRQr9Npq_aJRQqWYMbH?JR7b;JKWe;:MbHRQJLQr;2H©_aPL;t;3S-Nb_Yp 7_YMbe;eIWMbWaJ]f:WYMbHRQTeI;:P]_aMGFGQTHRf:WYNbHAHKJ_aQqpqQr£3QrMwz; ª;3f JH 4 Q¶ ;Y?JR7b_aJAGQTHRf:WcHRQJKF_aMbe¦PRQTf JLQrWcMf
WG;
 ¢if





























0 20 40 60 80 100
INTERFACE
² QqwYNPL;¦jI 55 z¾McJL;:PR´_Yf:;`PLWa¢(pr;2HtWcP_QqpT_FY;:PJR;2HKJf3_YHR;t67; b_YHRQTf 4 pr;: J 7 _aM(e JL7;9¨WIeIQr¢b;2e4 PRQqwY7-J 7 pT_FY;3PdGF-pT_FY;3PV_a``bPRW-_Yf7bH
    §
*: t 5  n V   
67(_aMIHJRW_¨WcPR9_Yp*_YHRFG9¨`JRWaJLQqf©_YMb_apqFIHdQTHWa	JR7;Nprp	=?_GQq;:PR¾D-JLWYc;3H§;3S-Nb_JLQrWcMbHWcPQrMbf:WY9<`PL;3HLHK






































f:pq_cHRHRQTf:_apµDI_YQrM-JR;3Mb_aM-JHdWcprc;:PH _ 5 (uI 5 ab
      
   
67bQqH*§WcPRA_cH`b_aPRJRQT_apqpqFAHRN``iWYPRJR;3e©GF !  ²  *=A¤ ! GF?JL7;§[ §@¦WIeIO3prQTHL_JRQqWYM#eI;§`PLWGf:;3HLHdN(H7GFc
ePL_YNprQTS-N;3HHRNPR´_Yf:;prQqPL;;:M©`PLO3HR;:Mbf:;0e;VHdQqMwcNpq_YPRQrJRO2H 4 7-JdJL`  PLWGf3Si QqMPLQq_b P 9uaM  _J=?_aJ  7_YMbe-F¤  ! ! NPRWc`(;2_aM `PLWYwYP_a9<9<;A¤?UV^= 6Kkascsck¾sYs-ka-k 4 7-JdJL`  # 7GFGY;Y WYPLw 7 
67b;_aNJR7WcP?JL7b_aMIH]@_aPLQq;
 ] eIQrpq;tZPLQqHdJR;2_aNµoc;3_aM ² PRO2eIO:PLQqf\];3PRi;3_YNn_YMbeZ;:MWcQJ]U0;:PRJR7b_Y9¨;tWYP
7b;:pq`INp*eIQTHLf
NbHLHdQqWYM(H:=?_GQq;:PR¾DGJRWYc;3H§PR;2HdNbpJH7b_Y;](;3;:M¦f
Wc9<`NIJR;2e -FoY;2_aMI ² PLO3eIO3PRQTf©\];:PL(;2_aNµ




  0_ 5 b#[?NbeINbHLHR; ! qZ§WcNbf7GNIJ ² qiZPLQqHdJR;2_aN@ ]r ©pq;:QqM^#i_YMbe¦U0;:PRJR7(_a9<;tZ]r   .   !    #8V#  m  mm!   50 H 8^	10J0 !     	 X       k   	 .  03O8 8V   98  -HdNb9<QJRJR;3e
JLWzDGK[?@ o(bDIfa §WY9<`µ_ kb#[?NbeINbHLHR; ! q¦ZPRQTHKJL;3_YN @ ]¨_YMbe U0;:PRJR7b_Y9<;¥Z]r 	# 	    :03&   .?	 :4# 	   8^	30    m    ?  
k  #
  ! "k	 !  K=?^K[ ^;:`iWYPRJ3^^ucmaYm 4 kYsYscs 7 7-JRJR`  # QqMPLQq_b P ^^?^	6 a^^¾uYmIaYm 7-JR9<p_ ub#Z;3PR9NbeI;:£[t*_aM(en_Y£3S-N;3£ ! r   8^	!  #303"!  . 0   m	      #c
	  98  8^	10
   m    §WY9<`NIJ2 ² prNbQqeH 4 a 7 kYu 4 5 mcmal 7  5 sYlcm 5 s 
 5 _ lb#Z;2HRHRWYM ]-_aMbe  _FGeQ(@ ^#q (H    	    .X303 	     	    	 #k  I  :4
	  ! . 303 0 !     	   ;7I	H 	  ª^[?K^ ] @ka[A= 4 
 7 k 	 465 mcmck 7 3acjcja 	cj_ jb#ZWcNbf7GNIJ ² rG@_YMwY;3M;:F- _YHdJR;:pqMb_YN<[tr-U0;:PRJR7b_Y9<;?Z]r-?QqprWYJdJL;Ao( U0q   ;8 H !I . 	  ! c"I#	   #
  . " "	
 !k	c#  098T8V #  98   A^#V@_aJR7µ
[f3_YeiDIf
QIU_aPLQqH 4 	 7 uYu 	 4 kascsYu 7 jau 5 IjYu 	_ 	b _cHKJLPRW@qb@_cf
QT_YHo(b_aMbeU_aPL;3H Aq       :03& U.   #  2.        2.  mm!  m
 #c
	 <O8  8^	30    m #     	 m 	 <    8V #JC   03O8 8V #     & 
@nka[?=g@_JR7*b@¦WIeI;:pb=?N9<;:P2[Mb_Yp¶ 4 5"7 u-j 4 kasYs 5"7  5 s 
 5 k 
G_ 
cb _cHKJLPRW @ obq\©_YPLf:Qq_a^WGePRQqwYN;3£o( [tr\]WYM£2_aMpq;:£:AQqeb_no( @ r@_Yf:Qq_cH¨o(qVU_aPL;3H A_aM(e
_Y£3S-N;3£
 §;:MbeIWcM ! r  H#k	   	 
	 K2.H8V<  098 8V   O8  30  "L0 :03  8^	30	k  " "ImH#
k bHRN9<QrJdJL;3e JRWo §U0_ ab _cHKJLPRW@ ob_YMbeU_aPL;3H A -  10 8V# m mm!  3#k  2.
 "   #303"! .  m
 #c
	 0   m 	      &      	 m
	      03O8>8V      &  I`bPR;3`PRQqM-J3_ mb _YNbHRQrMU0q@¦QrwcprQqW ! q?DI_apq;:PLQ ² q    "I # 	 J.  # k	 " 	   .RP   0 !    
	 J.m m
 3.    O8   §Wc9<`NIJ3IAQqH3(DIf:Q¶ 4 k 7 j 4 kasYs-k 7  a-jImalb_ 5 sb §7(_Yf
WcM^;:iWYpqprW6© _aMbe\]NQqprpq;:M$\]WcM£3_Ypr;3£ ²     	
k	  	     	  . 7I	      2.  
	   . 303 0!     	   ;7I	H 	  .  "	 k    :4
	    A^#i[f3_YeDIf:Q¶
U_YPRQTH:bDI;:PLQr; 5 ucuYs 4 kYsYscs 7 aYl 5 a l 	_ 55 b	]_ap@_cHdWn\¨qµ;:bWIf7 U0r@NPL_aJ ² q   	
	 d! 8Vm   		
 2.  m  #c
	 "!  #  bo(b@_aJR7µIUNbPR;2H[``bp¶ 4 m 7 
l 4 5 mYm-j 7 IMWb 	bIlIaYuIjalIa_ 5 kb	]_;3PR9<W-H A @qd¤?FG`(;3PRiWYpqQqf]f
WcMbHR;:PL_aJRQqWYMpT_HQrM f
WYM-JLQrMGNN9 `b7-FIHRQqf3H 
 DG`PLQrMbwY;:P;:PLpT_awb\©@ u-kYj 465 mcmYm 7 _ 5 ub ² ;:PLPL_YPRQDªq	DI_Ypr;3PRQ ² q   ;8KH8V !	 #  	   03 O8 8V # H"!#	 # !	 "#     # !  98 ck	 "m      " 0 JRW_Y``i;3_aPQqM¦@ka[A= 4 kascsal 7 
eDegfhikjmln
uYl   !  
_ 5 lb ² WYM-JL_YMb_ q@¦QrwcprQqW ! r ANb_aPRJR;3PRWcMQ([tr(D_apq;:PLQ ² q   	  &H H303"!. P  0! 
   	  8V #  O8   §Wc9¨`bNIJ3AQqH3(DIf:Q¶ 4 k 7 k 4 5 mYmcm 7  a-jImYu_ 5 jb#\];3PRi;3_YNzo( ² G_aMbezU	;3PdJL7b_a9<;?Z]q  #k	c
	 T2. "	   m  	 #      .: 	
 098 8V #    Hk	 m  	 !I 	   ?QTHRf:PR;:JR; §WcM-J3AFGMµ0DIFGHdJ30DG;:P2 Z 465c7H5 4 kYsYs 5"7 acm 5 sck_ 5 	b#\]Qqpqpb[ ! qR[JR9<WcHR`7;3PR; ] f
;3_YM AFGMb_a9<QTf:H%
a¾M-JL;:PLMb_JLQrWcMb_apI\];:Wc`7GFGHRQTf:HDG;:PLQq;3H	WYpauYsba[f:_e;:9<Qqf©UVPR;2HRH¾MbfY 465 ma-k 7 _ 5 
cb ! *\]WGepr;3HdGQiU0 [t^_GQq_YPdJ2 R=N9<;3PRQTf:_Yp _a`b`PRWIQq9_JRQqWYM¦WY7GF-`i;:PLiWYpqQqfHdFIHdJR;:9HAWa§f:WYMIHR;:PL_JLQrWcMpq_H%
-[``bprQq;3e@_JR7b;:9_JLQqf3_apiDf
Qq;:Mbf:;3H3 55 aGDG`PLQrMwc;:PR;3PRpT_aw(Y=;3 WYPLi 5 mcm 	b_ 5 ab#\]PL;:;3MG(;3PRwo( @ Y_aMbe *;3^WcNI¨[t ¨r   8V m mm!   :03& K. 303X  #k	 m      	 ".    m #  	V0   m	 H54# 	   bDGK[?@ o(b=N9<;3P3b[?Mb_apuYu 4 5 mYm 	 7  5  5 	_ 5 mb#\]NbQrpqpr;3M \]WYMb£3_apq;:£ ² q@_cHd9<WYN(eIQ§=t	_YMbeZ;:pqprQTeIW^#q   	  
 	    	H   !  
  "
  
	   2.10 k	 	 	c :4# 	    AQ	¾M-J2 ! S-Nµ 4 55"7X5 l 4 kascs 5"7  5 uIa 5  5 l-sa_ kasb©¤?;:PLYWcN;
J*o( @ r  (0 	 "&0     
	  A  !    H !IB  	 "  	  
	  Y¤?FIeIPRWcprWcwYQTf:_Yp
UVPRWIf
;2HRHR;3H 4 5 u 7 5 l 4 kascsYs 7 kYkck 5 kYkYuYs_ k 5 b©¤?;:PLYWcN;
J©ob @qµoc_YMQrMnob @qµ;:`i;:QqM-JRPL; ² qU	;2f7WYMU	q S M     
 P  		 H#& # .m 8V :    cX303/P  .m    3.  m  O8  &  G¾M-JR;3PRM(_JRQqWYM(_ap §WcMI;:PL;:Mbf:;WYM¤FIeIPLWa
HLf
Qq;:M(f
;_aM(e ! MbwYQqM;:;3PRQqMwb  _YHR7QqMwaJLWYMµ>]DI[ 5 mYmcu_ kYkb  _a£3£3_aPLWYMbQ ! q      	   #	    #k	 m !	 H !I	 
	      3#  	 !	     	 	 #  4 QrMQrJL_YprQT_aM 7 b>MbQrc;:PHdQrJL_¨eI;:wcprQ HKJLNbeIQ*eIQµ@QrpT_aMW(6*;2HdQ eIQµpT_aNPL;3_bIkYsYs-kI_ kaub©^ o( *;¾;3S-N;c ² QrMbQJL;VWYpqN9<;§@;
JR7bWGebHµWcP ¤FG`i;:PL(WcprQTfUVPRWcpr;39H 
  _a9tbPRQTeIwY;>?MQqY;:PHRQJKF
UVPR;2HRH3bkascsckI_ klb *QrWcMbHU0 q R@_JL7;:9_aJRQTf:_ap6 WY`bQqf3HQrM ² pqNQqe@;3f7b_YMQqf3HWYp 5 
B]?GWcPLe<>MbQrªaUPL;3HLH3 5 mcm 	b_ kYjb©@QrwcprQqW ! qANb_aPRJR;3PRWcMQµ[qªD_apq;:PLQ ² r V		 H  H   ;7I	H 	  . 4#  	2P   03O8
8V # :4
	    §Wc9¨`bNIJ3b@;
JR7bWGebH[``bp¶b@;3f7µ ! MbwYPLwb 4 ual 7 5 
l 465 mYmcm 7 u-jYjGu 	cm_ k 	b]U0;3PdJL7b_a9<;Z]r ©QqM;
JLQqfAWYPL9tNbpq_aJRQqWYMbHWY	f
WcMbHR;:PL_aJRQqWYMpq_H%
]?GWYPe >MQqªUPL;3HLH:bkYsYsck_ k 
cb]U0;3PdJL7b_a9<;¦Z]_aMbeDGQq9<;:WYMbQ Ar   	 	    :03&  .303Z	
       8^	30 
   m   _apTf
WcprW<ua 4 kasYs 5"7 IkYs 5 Ikau 5 _ kab©e;©DI_YQrM-JR;3Mb_aM-J§[t o( Aq S 0"k	  ! H & #^ # #!  mE7     	 m 	  E7  #k  !  k	 	 #   #
  	   !   	  !  H"  !  # 	 4 QqMPL;:Mbf7 7 A^b[f:_cebDIfaqU_aPLQTH
u 465 a 
 5c7  5 l 
  5 jl(_ kamb#DI;:PLPR;!µLDGFIHKJL8:9<;3H7GFG`(;3PRiWYpqQTScNb;3HeI;#pqWYQTHeI;f
WcMbHd;3PR_aJRQqWYM 
  AQTeI;:PLWaJ2U_aPLQqH3 5 mcm 	_ uYsb  7bQJL7b_a9 \¨ Z]r  µQqM;2_aP©_aMbeMWYMnprQqM;3_YPA_Y;2H 
 ªoYWc7M  Qqpr;3F_aMbe5DGWYM(H?¾MbfYrµ=?;: WYPLi5 mYmcm
' Á e' À
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
